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In this letter, we investigate the symmetry of the phonon landscape of twisted kagome lattices
across their duality boundary. The study is inspired by recent work by Fruchart et al. [Nature,
577, 2020], who specialized the notion of duality to the mechanistic problem of kagome lattices and
linked it to the existence of duality transformations between configurations that are symmetrically
located across a critical transition point in configuration space. Our first goal is to elucidate how
the existence of matching phonon spectra between dual configurations manifest in terms of observ-
able wavefield characteristics. To this end, we explore the possibility to aggregate dual kagome
configurations into bi-domain lattices that are geometrically heterogeneous but retain a mechani-
cally homogeneous response. Our second objective is to extend the analysis to structural lattices
of beams, which are representative of realistic cellular metamaterials. We show that, in this case,
the symmetry of the phonon landscape across the duality boundary is broken, implying that the
conditions for dual behavior do not merely depend on the geometry, but also on the dominant
mechanisms of the cell, suggesting a dichotomy between geometric and functional duality.
Kagome lattices are a special family of two-dimensional
periodic structures whose unit cell consists of two trian-
gular elements (solid or hollow) connected at one vertex.
The most prominent example is the regular kagome lat-
tice, in which two equilateral triangles are rotated by
180o with respect to each other. Over the past two
decades, kagome lattices have received growing attention
in the literature on periodic structures and metamateri-
als, with a variety of studies addressing their mechani-
cal properties1–5 and their wave propagation character-
istics6–9. Kagome lattices have also been studied as vi-
able models to approximate the behavior of biological
materials such as cartilage10, as well as effective config-
urations for lattice-based medical implants11. Twisted
kagome structures represent a variation upon the clas-
sical kagome paradigm, whereby the triangles are ro-
tated by arbitrary angles, leading to dramatic changes
in equivalent mechanical properties and phononic char-
acteristics12, including a switch between bulk and shear
as the dominant stiffness-providing mechanism.
Many peculiar properties of kagome lattices stem from
the fact that they belong to the family of so-called
Maxwell lattices13,14, i.e., lattices that contain an equal
number of degrees of freedom and constraints in the bulk
and, for this reason, are on the verge of mechanical insta-
bility15–17. Recently, a spur of interest has surrounded
the discovery of phenomena that are rooted in the topol-
ogy of kagome architectures. Specifically, topological
kagome lattices, which can be obtained from the regu-
lar kagome geometry by deforming (or deforming and
twisting) the triangles, have been shown to display topo-
logical polarization18, which can be tuned by controlling
the twist and stretch of the cell19. The polarization is
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responsible for the existence of floppy edges at which de-
formation can be focused, yielding edge modes that de-
cay into the bulk. In dynamics, it has been shown that
the floppy edges support edge-confined phonons at finite
frequencies20–22 and the polarization endows the lattices
with asymmetric wave transport behavior.
Recently, Fruchart et al. revisited the mechanics of
twisted kagome lattices putting forth the notion of du-
ality23. Duality can be interpreted as a behavioral
symmetry in the parameter space of the twist angle,
whereby configurations that are equidistant (in configu-
ration space) from a critical transition angle feature iden-
tical phonon band diagrams. In23, this property is linked
to the existence of a precise duality transformation be-
tween pairs of configurations on either side of the critical
point. This letter proposes a reflection on this powerful
result and on the implications of duality for wave ma-
nipulation in cellular metamaterials. We first focus on
lattices of rods, in which ideal lattice conditions are pre-
served, and we elucidate the practical manifestation of
duality in the spatio-temporal characteristics of propa-
gating wave packets. We then explore the transportabil-
ity of the framework to structural lattices of beams con-
nected by internal clamps. This case mimics the realis-
tic conditions that are observed in cellular metamaterials
obtained using fabrication techniques such as cutting or
additive manufacturing, thus capturing conditions that
are of utmost relevance for engineering applications.
The unit cell of a twisted kagome lattice, shown in
Fig. 1(a), consists of two arbitrarily rotated equilateral
triangles (of side length L). In this study, the hollow tri-
angles are taken to be either trusses of rods connected
by hinges, or frames of beams joined by internal clamps.
In the former case, the lattice bonds support only ten-
sion/compression and the perfect hinges allow free rota-
tion of the rods, thus approximating ideal lattice condi-
tions (although, here, the mass is not lumped at the lat-
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FIG. 1. (a) Geometry of the twisted kagome lattice unit cell,
showing primitive vectors and choice of hinge or clamp con-
ditions. (b) Twisted kagome lattice family parameterized in
terms of the twist angle θ¯. (c)-(d) Dual pair with θ¯ = 105o
and θ¯ = 75o. (e)-(f) Dual pair with θ¯ = 110o and θ¯ = 70o.
tice sites). In the latter case, the lattice bonds support
bending deformation and the clamps offer infinite resis-
tance to the relative rotation of the beams. The geometry
can be conveniently parameterized in terms of the twist
angle θ¯, defined here as the angle by which the top trian-
gle is rotated about hinge point C, such that θ¯ = 0o yields
two overlapping triangles and θ¯ = 180o returns the reg-
ular kagome cell. The primitive vectors are expressed as
e1 = [L/2+L sin(θ¯−30o)] i1+[
√
3L/2−L cos(θ¯−30o)] i2
and e2 = [−L/2 +L cos(θ¯− 60o)] i1 + [
√
3L/2 +L sin(θ¯−
60o)] i2, with i1, i2 Cartesian unit vectors. With refer-
ence to Fig. 1(b), we refer to configuration pairs 90o±∆θ
(symmetrically located across the 90o reference configu-
ration in θ¯-space) as dual pairs. Two sets of dual pairs are
denoted in red and blue and the resulting lattices, color-
coded accordingly, are shown in Fig. 1.(c)-(d) and (e)-(f).
We proceed to compute the phonon band diagrams
for θ¯ ∈ [70o 110o]. The results, shown in Fig. 2, are
color-coded to highlight all the dual pairs. The nor-
malized frequency Ω is obtained as Ω = ω/ω0R, where
ω0R = pi/L
√
E/ρ is the first natural frequency of a rod
of length L, Young’s modulus E and density ρ. It is easy
to conclude that dual cells have identical phonon struc-
tures, retrieving a picture of duality analogous to that
presented in23 (in which, note, the lattices have lumped
masses, leading to slightly different branch morphology).
(c)(a) (b)
(f)(d) (e)
(i)(g) (h)
FIG. 2. Band diagrams for lattices of rods connected by
hinges for θ¯ ∈ [70o 110o], color-coded to highlight the dual
pairs, for which matching phonon spectra are obtained.
It is important at this stage to clarify how a matching
phonon landscape between dual configurations translates
into dimensional wavefield descriptors. In Fig. 2, the
non-dimensional wavevector is sampled along the ΓMKΓ
path in reciprocal space. Since the reciprocal lattices
vary with θ¯, the dimensional wavevector k = kxi1 + kyi2
in Cartesian coordinates changes between configurations.
As a result, two corresponding points in the band dia-
grams of dual configurations denote plane waves with dif-
ferent physical wavelengths and propagation directions.
Accordingly, the phase velocity vector cp = ω k/||k|| =
cpxi1 + c
p
yi2 varies in magnitude and orientation and the
directivity patterns of the dispersion surfaces are rotated
between configurations (details in SI).
(a)
(b)
FIG. 3. (a) Unit cell of lattice 2 with θ¯′ = 70o, to be stitched
to its θ¯ = 110o dual. (b) Stitching strategy showing compat-
ibility constraints necessary to obtain a matching interface.
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FIG. 4. (a) Schematic of lattice with θ¯ = 110o and θ¯′ = 70o
subdomains, properly stitched through geometric and mate-
rial compensation. (b) Detail of band diagram, with high-
lighted frequencies of excitation. (c) I mode iso-frequency
contours for θ¯ = 110o and θ¯ = 70o, showing inherent di-
rectivity mismatch between dual configurations. (d) and (e)
Snapshots of wavefields excited by tone-bursts centered at
Ω = 0.125 and Ω = 0.25, respectively. The wavefields show
matching propagation characteristics in the two subdomains.
An effective way to realize phonon duality conditions
within these constraints is to construct a lattice com-
posed of two subdomains meeting at an interface. This
task allows us to envision the design of metamaterials
that are simultaneously geometrically heterogeneous and
mechanically, or functionally, homogeneous. The con-
struction strategy is depicted in Fig. 3 adopting θ¯ = 110o
for lattice 1 and θ¯′ = 70o for lattice 2 (quantities pertain-
ing to lattice 2 are labeled by ()′ ). It can be seen that, in
order to have a matching interface, lattice 2 must feature
a larger characteristic size L′ and rotate by an angle α
with respect to lattice 1. The primitive vectors e′1 and
e′2 are obtained by replacing L with L
′ and θ¯ with θ¯′ in
the expressions for lattice 1. We recognize from Fig. 3(b)
that, at the interface, e2 and its counterpart e
′
2 must
match (upon rotation by α). Therefore, to find L′, it is
sufficient to enforce ||e2|| = ||e′2|| and solve for L′, and α
is precisely the angle by which e′2 must rotate to overlap
with e2, hence α = cos
−1
(
e2·e′2
||e2|| ||e′2||
)
. Moreover, since
the frequencies in the phonon spectra are normalized by
ω0R, which follows the jump from L to L
′, the phonon
Beta = 1/10
(a) (b) (c)
(a) (b) (c)
FIG. 5. Effective moduli of lattices of rods vs. θ¯. (a) Effective
shear modulus G∗, assuming L = 1 m, β = 1/15 and material
properties of Aluminum: Young’s modulus E = 70·109 N/m2,
Poisson’s ratio ν = 0.33, density ρ = 2700 Kg/m3. (b) Ratio
between effective bulk modulus K∗ and effective shear mod-
ulus G∗. (c) Effective Poisson’s ratio ν∗.
correspondence is compromised across the interface. In
order to compensate for this jump and preserve duality
conditions across the interface, we need to correct the
properties of lattice 2. Since ω0R ∝ 1/L
√
E/ρ, this can
be achieved by choosing the material properties of lattice
2 such that (E/ρ)′/(E/ρ) = (L′/L)2.
We consider now a domain comprising two dual sub-
domains, as shown in Fig. 4(a). A force excitation, in
the form of a 5-cycle tone burst, is applied at the cen-
ter of the domain perpendicular to the interface. In
Fig. 4(b) we show how the selected frequencies intersect
the matching band diagrams of the dual configurations.
At Ω = 0.125, we expect nearly-isotropic propagation
while, at Ω = 0.25, the behavior is highly directional.
In Fig. 4(c) we compare the iso-frequency contour lines
for the dual lattices (assuming non-rotated cells of size L
for both). We confirm that the inherent directivity land-
scape is rotated between the two by precisely α. This di-
rectional mismatch is automatically compensated by the
rotation operation performed while stitching the lattices.
Two snapshots of the wavefields are shown in Fig. 4(d)
and (e). Both wavefields are found to have matching
characteristics across the interface. This result shows
that we can design geometrically heterogeneous, yet func-
tionally homogeneous domains by stitching dual kagome
configurations. The strategy, however, requires a multi-
material design with specific tailoring requirements.
From the band diagrams, we can inversely estimate
the effective elastic moduli. First, we determine the ef-
fective density ρ∗ = ρρ¯, where ρ is the material density
and ρ¯ is the relative density, obtained from the geome-
try of a half cell by dividing the area occupied by solid
material by the total “foot print” area AT (shown in
Fig. 1(c)). Here, ρ¯ = 3Lh/AT , where h = βL and β
is the rod’s slenderness ratio. We then determine nu-
merically the phase velocities cpS and c
p
L of the acous-
tic modes in the long-wavelength limit (||k|| → 0). By
comparing cpS and c
p
L along ΓM and ΓK, it is easy to
verify that the long-wavelength behavior is isotropic for
all θ¯. Finally, the effective shear modulus G∗ and bulk
modulus K∗ are computed from the relations for linear
homogeneous and isotropic media: cpS =
√
G∗/ρ∗ and
4Beta = 1/10
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FIG. 6. Band diagrams for lattices of beams for θ¯ ∈
[700 110o], color-coded to highlight the dual pairs. In this
case, the phonon spectra of dual pairs are different.
cpL =
√
(K∗ +G∗)/ρ∗. G∗(θ¯), plotted in Fig. 5(a) for
the material selection given in the caption, is found to be
constant for all θ¯. As inferable from the plot of K∗/G∗ in
Fig. 5(b), the procedure yields negligible bulk modulus
values (here, the methodology, which is sensitive to inac-
curacies in the inference of cpS and c
p
L, yields small enough
values that can be effectively interpreted as K∗ ≈ 0).
The effective Poisson’s ratio ν∗ is found from the rela-
tion ν∗ = (K∗ + G∗)/(K∗ − G∗) for 2D plane-stress24.
We see in Fig. 5(c) that ν∗ approaches -1 (deep auxetic
behavior) for all θ¯. These results are consistent with the
theoretical properties for ideal twisted kagome lattices12.
We now switch our focus to lattices of beams. We
study the same configurations used for the rod case, but
the lattice bonds are now modeled as Timoshenko beams
(4 beam elements per bond). The Timoshenko model is
robust against a wide spectrum of the slenderness ratios
β = h/L, capturing with high degree of accuracy even the
behavior of thick beams (above β = 1/5) for which the
shear deformability is not negligible6. However, since our
configurations feature extremely re-entrant angles, exces-
sively large β values are unrealistic, as the clamps would
morph into platelets that would challenge the validity of
a beam model. Therefore, in this study, we will focus on
slender beams (β = 1/10 in our calculations).
The band diagrams for θ¯ ∈ [70o 110o] are shown in
Fig. 6. The frequency is normalized by the first natu-
ral frequency of a simply-supported beam of length L
ω0B = pi
2/L2
√
EI/ρA, where A and I are the cross-
sectional area and second moment of area. Interestingly,
the band diagrams of dual pairs are no longer identical,
with differences that grow when we move away from the
critical angle. In the SI, we show that these differences
become more pronounced as β increases. The equivalent
Beta = 1/10
(a) (b) (c)
(a) (b) (c)
FIG. 7. Effective moduli of lattices of beams vs. θ¯. (a)
Effective shear modulus G∗. (b) Ratio between effective bulk
modulus K∗ and G∗. (c) Effective Poisson’s ratio ν∗.
elastic moduli are shown in Fig. 7. We see that bending
mechanisms and clamp-like connections cause apprecia-
ble deviations from the properties of ideal lattices. While
G∗ is still almost constant for all θ¯, K∗, while remain-
ing significantly smaller than G∗, is no longer negligible.
Similarly, ν∗ deviates from -1, albeit remaining in the
deep auxetic regime. Moreover, the property landscape
is no longer symmetric about the duality boundary.
We now revisit the domain with θ¯ = 110o and θ¯′ = 70o
dual pairs as a lattice of beams. Since ω0B ∝ 1/L
√
E/ρβ
and we keep β constant across the interface, it is again
sufficient to select the material properties of lattice 2
such that (E/ρ)′/(E/ρ) = (L′/L)2 to establish identi-
cal spectral conditions across the interface. In Fig. 8(a)
we compare the band diagrams for θ¯ = 110o and θ¯ =
70o. In Fig.s 8(b)-(c), we show snapshots of the wave-
fields obtained for the excitation frequencies indicated in
Fig. 8(a). We observe that the waves now propagate in
the two subdomains with different directionality and dif-
ferent levels of dispersion despite the geometric duality
of the subdomains.
(a)
(b) (c)
0
2
1
FIG. 8. (a) Band diagrams for lattices of beams with θ¯ = 110o
and θ¯ = 70o, superimposed with excitation frequencies high-
lighted. (b)-(c) Snapshots of wavefields excited by frequencies
indicated in (a). The wavefields feature different directional-
ity and dispersion characteristics in the two subdomains.
5A powerful way to assess the potentials of lattices with
non-uniform geometry but uniform dynamic characteris-
tics is presented in Fig. 9. We consider a 6 × 6 lattice
constrained around its perimeter. We compare a lattice
of rods, shown in Fig. 9(a), where the perimeter nodes
are hinged, against a lattice of beams, shown in Fig. 9(b),
where the nodes are clamped. For each scenario, we com-
pare two cases. In case 1, θ¯ = 110o everywhere. In case 2,
we stitch two strips of dual configurations (with θ¯ = 110o
and θ¯′ = 70o), The natural frequencies computed for
the two cases are superimposed as blue circles and red
squares. We see that, with rods, the natural frequencies
of the single- and bi-domain lattices match (up to small
deviations attributable to the small domain size, depart-
ing from the infinite lattice conditions of Bloch analysis).
In contrast, with beams, the curves present a significant
mismatch that grows with the mode index. This result
confirms that, for ideal connections, dual lattices can be
treated as dynamically equivalent solids and seamlessly
coupled. This is not the case for structural lattices.
In conclusion, we have shown that dual configurations
with matching phonon spectra can be leveraged to de-
sign metamaterials that are geometrically heterogeneous
and functionally homogeneous. This effect is, however,
diluted when we depart from ideal lattice conditions.
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6I. SUPPLEMENTAL INFORMATION
I.1. Wavelength and directivity mismatch between
dual configurations
In Fig. 10, we compare the iso-frequency contour lines
for the I mode for lattices of rods connected by hinges, for
θ¯ ∈ [70o 110o]. If we compare dual configurations (e.g.,
(a) vs. (i)), we note that the magnitude of the wavevec-
tors (and, consequently, wavelengths) and the directivity
landscape are different, despite matching band diagrams.
I.2. Effect of the slenderness ratio on the phonon
duality for lattices of beams
In Fig.s 11 and 12, we plot the band diagrams for lat-
tices of beams (with θ¯ ∈ [70o 110o]) for slenderness ratio
β = 1/15 and β = 1/5, respectively. We see that the
differences between the phonon bands of dual configura-
tions become more pronounced as β increases, especially
at low frequencies. The more we deviate from ideal lat-
tice conditions (perfect hinges), the more the symmetry
across the duality boundary is diluted.
(c)(a) (b)
(f)(d) (e)
(i)(g) (h)
FIG. 10. Iso-frequency contour lines for the I mode for lattice
of rods connected by hinges for θ¯ ∈ [70o 110o].
7(c)(a) (b)
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Beta = 1/15
FIG. 11. Band diagram for lattice of beams with slenderness ratio β = 1/15, for θ¯ ∈ [70o 110o].
(c)(a) (b)
(f)(d) (e)
(i)(g) (h)
Beta = 1/5
FIG. 12. Band diagram for lattice of beams with slenderness ratio β = 1/5, for θ¯ ∈ [70o 110o].
